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Abstract 

Q_i' We analyze renormaliz ability properties of noncommutative (NC) the- 

ories with a bifermionic NC parameter. We introduce a new 4- dimensional 
scalar field model which is renormalizable at all orders of the loop expan- 
sion. We show that this model has an infrared stable fixed point (at the 
one-loop level). We check that the NC QED (which is one-loop renor- 
malizable with usual NC parameter) remains renormalizable when the NC 
parameter is bifermionic, at least to the extent of one-loop diagrams with 
external photon legs. Our general conclusion is that bifermionic noncom- 
mutativity improves renormalizablility properties of NC theories. 
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1 Introduction 

> 

It is well known [1] that noncommutative (NC) field theories have renormalizabil- 
ity problems due to the so-called UV/IR mixing [2-4]. To overcome this difficulty, 
one modifies the propagator by adding an oscillator term [5-7] in order to respect 
the Langmann-Szabo duality [8], or by adding a term with a negative power of the 
momentum [9]. Supersymmetry also improves the renormalizability properties of 
NC theories (see, e.g., [10]). Some versions of NC supersymmetry (those which 
are based on the nonanticommutative superspace [11,12], see also [13,14]) have 
a nilpotent NC parameter, so that the star product terminates at a finite order 
of its expansion. It was demonstrated [15] that having a nilpotent NC parame- 
ter does not necessarily imply supersymmetry. In [15] a nilpotent (bifermionic) 
NC parameter was introduced in a bosonic theory, giving rise to many attrac- 
tive properties of that model. The aim of this work is to study to which extent 
having a nilpotent (or bifermionic) NC parameter influences the renormalization. 
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We shall consider non-supersymmetric theories in order to separate the effects of 
nilpotency from the effects of supersymmetry. 

A suitable framework for such an analysis was suggested in [15], where it was 
proposed to consider a bifermionic NC parameter 

qv» = i ^" > (1) 

where 9^ is a real constant fermion (a Grassmann odd constant), Q p, Q v = —6 U 6^. 
Note that bifermionic constants appear naturally in pseudoclassical models of 
relativistic particles [16,17]. Due to the anticommutativity of M , the expansion 
of the usual Moyal product terminates at the second term, 

A */ 2 = exp Qe"*^) fi(x)My)\ y=x = h-h- \o»O u d»hd u f 2 . (2) 

The star-product, therefore, becomes local. 

In [15] a bifermionic NC parameter was used to construct a two-dimensional 
field theory model which, in contrast to usual time-space NC models, has a lo- 
cally conserved energy momentum tensor, a well-defined conserved Hamiltonian, 
and can be canonically quantized without any difficulties. Besides, the model 
appears to be renormalizable. In the present work we study whether bifermionic 
noncommutativity helps renormalize theories in four dimensions. 

First we explore a model which is a four-dimensional version of the model 
suggested in [15] (this is nothing else than NC <^ 4 with an additional interaction 
included to make it less trivial). We find that for a bifermionic NC parameter 
this model becomes renormalizable at all orders of the loop expansion. We also 
study the one-loop renormalization group equations and find an infrared stable 
fixed point where all couplings vanish. 

From the technical point of view, having a bifermionic NC parameter looks 
similar to expanding the theory in G and keeping just a few leading terms. The 
ultraviolet properties of the expanded and full theories are rather different, and, 
sometimes, expanded theories behave worse (see, e.g., [19]). The reason is that, 
on one hand, the propagator in expanded theories does not have an oscillatory be- 
havior, and, on the other hand, dangerous momentum-dependent vertices appear. 
All these problems appear also in theories with bifermionic noncommutativity, 
but there is also an effect which improves the ultraviolet behavior. Namely, some 
divergent terms vanish due to 6 2 = 0. Here we take the NC QED (which is one- 
loop renormalizable if the standard NC parameter is used) and demonstrate that 
with a bifermionic NC parameter this model remains renormalizable at least for 
one loop diagrams with external photons. 



2 A scalar field model 

The action of the model we consider in this section reads 

S= I d 4 x ( -(<9^i) 2 + -(<9^ 2 ) 2 + ^{d^f - -mlfl - -m 2 2 <p 2 2 - -m 2 <f 

— 2 [<Pi,<P2]**<P*<P- 24^*) ' ( 3 ) 

which is a four dimensional version of a model suggested in [15]. The motivations 
for taking this particular form of the model are as follows. Since any symmetrized 
star product with a bifermionic parameter is equivalent to the usual commutative 
pointwise product, we need at least two fields, <px and <£> 2 , to construct a non- 
trivial polynomial interaction term. As was explained in [15], even two fields are 
not enough, so we take another scalar field tp to construct the interaction term 
with a coupling constant e. We also added a self-interaction term <p>\ = ip+ip-kLp-kip 
to make the dynamics more interesting, e and A are real coupling constants. 

In [15] it was demonstrated that a two dimensional model with the same 
Lagrange density as in ([3]) is renormalizable. It is relatively easy to achieve 
renormalizability in two dimensions. For example, there is a model of NC gravity 
in two dimensions for which the entire quantum generating functional of Green 
functions can be calculated non-perturbatively at all orders of the loop expansion 
[20] by using methods developed earlier in the commutative case [21]. Here, to 
be closer to physics, we consider a four-dimensional model ([3j). 

Due to our choice (pp) of the NC parameter, the interaction part of the action 
j3]) looks rather simple, 

Sint = Jd'x (~(^0^l)(0"fl^y - ^) • (4) 

Now we are ready to derive the Feynman rules for our model. The propagators 
are the standard propagators of massive scalar fields. There are two vertices, the 
standard (p 4 vertex and a new vertex, which depends on the NC parameter. 





Figure 1: The standard <p A vertex and the new vertex —^§0pi9p2. 



The main observation which proves the renormalizability of J3]) is that any 
diagram with an internal line of either <p\ or ^2 field vanishes. Indeed, any 
internal line of these fields inevitably connects two "new" vertices and, therefore, 
receives a multiplier (8-k) 2 = 0, where k is the corresponding momentum. Power- 
counting renormalizability of our model follows then by standard arguments, 
precisely as in the commutative case. Consider a diagram with N vertices and 
2K external legs. This diagram has |(4iV — 2K) = 2N — K internal lines, giving 
the total power of the momenta in the integrand —2{2N — K). The momenta of 
the internal lines are restricted by N — 1 delta-functions, where —1 corresponds to 
conservation of the total momenta of all external legs. Putting all this together, 
we obtain that the degree of divergence is 4—2K, as in the commutative ip A theory. 
The power-counting divergent diagrams are the ones with 2 or 4 external legs. 
The diagrams containing tp legs only are precisely the same as in the commutative 
case, and they are renormalized in precisely the same way. Let us consider the 
diagrams with <pi and <p 2 legs. There are three types of such diagrams (see Fig. 
E]) 






Figure 2: The three divergent diagrams. 



The diagram on Fig. [2^ is proportional to (p0) 2 , and, therefore, vanishes. 
The diagram on Fig. [2b contains (pi0)(p20)(p39)(p^9) = 0, due to momentum 
conservation, p\ +p 2 = p% +Pi- The diagram of Fig. [2b is at most logarithmically 
divergent. Therefore, their divergent parts are proportional to the lowest power of 
the external momenta, i.e., to {j>\0){j)20). It is easy to see, that such divergences 
can be removed by a renormalization of the coupling e in the action (J3]). We 
conclude that the model ((3l) with a bifermionic NC parameter is renormalizable 
at all orders of the loop expansion. 

The renormalization of all parameters related to the field <p (the renormaliza- 
tion of m, X and of the wave function <p) is not sensitive to the presence of the 
other fields tpi and </9 2 . There is no renormalization of the mass or of the wave 
function tpi or tpi. By comparing combinatoric factors appearing in front of the 
relevant Feynman diagrams, and using the standard result [18] for commutative 
(p A theory in the dimensional regularization scheme, one can derive a relation 



6e 



SX _ X 3 
T ~ 16tt 2 e 



(5) 



between infinite one-loop renormalizations of the charges e and A. The /3-function 
for A is well known [18] 



^ = -^A + ^ + 0(A 3 ) 
167r 



(6) 



From the relation J5j) one can obtain the anomalous dimension of the coupling e, 
/3 e , using the fact that the bare coupling is renormalization- group invariant, 
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Now we can remove the regularization by setting e = and solve the renor- 
malization group equations 



H-j-Kv) = /^(A(/i)), 



/^^-e(/i) = /3 e (e(/i)) 



(7) 



for the running couplings A(/i) and e(/i). The initial conditions are A(/io) = A, 
e(//o) = e with /x being a normalization scale. Since f3\ does not depend on e, 
the equation for A(/x) may be solved first, giving the well-known result 



a(aO = a 1 



-A In — 

167T 2 /i 



(8) 



Solving then the equation for e(/i) we obtain 

e 0) = e ( 1 



3A , a 
r m — 

167T 2 /i 



(9) 



In the limit /1 — > both couplings vanish, and we have an infrared stable fixed 
point. Note, that e(/x) vanishes slower than A(/i) while approaching the fixed 
point. 



3 Noncommutative QED with bifermionic param- 
eter 



Let us consider NC QED in Euclidean space with the classical action 

1 



S d = I d x 



^fl + V s {*iM * 



(10) 



where D^ip = d^ijj — iA^ * if) and 

■r ' \a> = r iiv ~ H-^a* * A v — A v -k Afj,), r nu = u^Ay — OyAfj, . 

The 7-matrices satisfy {7^,7^} = 25^ and are hermitian, 5^ = diag(l, 1, 1, 1). 
For ordinary NC parameter, this theory is known to be one-loop renormalizable 
[22,23]. But an expansion in can violate renormalizability already at one loop, 
as was demonstrated in [19] in the framework of the Seiberg-Witten map. 

Here we check whether NC QED remains renormalizable at one loop if the 
NC parameter is bifermionic (p]). To simplify our analysis we consider the case 
when only ip is quantized while A^ remains a classical background field. One 
can check that this corresponds to retaining all diagrams with external photons 
in the Lorentz gauge. Renormalizability in such a simplified model means that 
the one-loop divergence is proportional to the corresponding term in the classical 
action (fTOl ). namely, to F£ u . The effective action can be formally written as 

W = -\ndetl/) = -^\ndet]p 2 (11) 

where Ip is the Dirac operator on noncommutative M 4 in the presence of an 
external electromagnetic field. 

$ = *7„ (fy - iA-vti = ilt (d» - iA„ + '-OdA^d) , 9d = 9^ . (12) 

To avoid writing too many brackets we adopt the convention that the derivative 
only acts on the function which is next to it on the right (ignoring, of course, any 
number of #'s or other derivatives which may appear in between). For example, 
OdA^Od = (0dAfj,)9d is a first-order differential operator. 

It is convenient to use the zeta-function regularization of functional determi- 
nants [24,25], so that the regularized effective action f fTTl ) reads W reg = \C,(lJ) > s )^( s ) 
where (($ ,s) = Tr L 2((lp )~ s ). In the physical limit, s — > 0, the regularized ef- 
fective action diverges, and the divergent part reads 

^ div = i-C($ 2 ,0). (13) 



Usually, JJ) is an operator of Laplace type, so that the heat trace 

K(Jp 2 ;t) = Tr L2 (e-^ 2 ) (14) 

exists and admits an asymptotic expansion 

K(]p 2 ;t)^J2 t(k ' n)/2 ^{^) ( 15 ) 

as t — > +0. Here n the is dimension of the underlying manifold. A review of 
the heat kernel expansion can be found in [26] for commutative manifolds, and 
in [27] for the NC case. Let us assume that the expansion (fl5|) is valid for the 
operator (fl~2l . (This will be demonstrated in a moment). Then, by using the 
Mellin transform, one can show 

CO0 2 ,O) = a 4 (0 2 ) (16) 

in n = 4 dimensions. There is no good spectral theory for differential operators 
with symbols depending on fermionic parameters. To be on the safe side, we shall 
evaluate (TT6l) by two independent methods. 

First, we use existing results on the heat kernel expansion on NC manifolds. 
The operator 

f = ~ ((d, - iA^f - % -[Y,Y}F^ , (17) 

(where partial derivatives act all the way to the right) , has left star- multiplications 
only (meaning that in the eigenvalue equation JJ) ip = Xip all background fields 
multiply ip from the left), and, therefore, falls into the category considered in 
[28,29]. The calculations made in [28jll are regular at 6 = and survive an 
expansion to a finite order in 9 (see eqs.(15) - (26) there). Note that such a 
statement is not true for operators having both right and left star multiplications 
[30,31]. Anyway, we are allowed to use the results of [28,29] for the operator 
( fT7l) . First, we bring Ip to the standard form 

IP 2 = - (V„V„ + E*) , V„ = d^ + w„* , (18) 



where 

Qj^-iA^ E = - l -[^,Y]F^. (19) 

Then, according to [28,29], the asymptotic expansion (fl~5l) exists and the coeffi- 
cient 04 reads 

«4 = t^^ [d 4 xtr(6E*E + n^*n^ u ) (20) 



J The paper [28] treated the case of a NC torus, and the case of a NC plane was done in [29]. 
In the present context distinctions between the torus and the plane are not essential. 
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with Ci^ = [V M , Vi/]. By substituting (]T9[) in (|20|) and taking the trace, we obtain 

i or 

a^f) = — -2 - / d 4 xF^ * F M1/ . (21) 

The other method we use does not rely on the star-product structure, but 
rather uses an expanded form of the operator 



Jj) 1 = -(d 2 - 2iA,8, - i(<Vy - A 2 ) - i (98) A" (98) 8, 

2 



- [y , 7 1 (^) F^ (619) - - (98) d»A, (98) - A» (90) A, (98) 



-- [r, 7I (98) A, (98) A v + - [f, 7I F, u . (22) 

The coefficient a 4 can be read off from the seminal paper by Gilkey [32] by 
identifying corresponding invariants. For any Laplace type operator of the form 

P = ~ {sTdfiv + a°d a + b) (23) 

one identifies g^ u with a Riemannian metric (to enable such an identification the 
leading symbol must be a unit matrix in spinorial indices - a property which is 
fortunately true for the operator (|22i)). There is a unique connection u such that 
P may be presented as 

P = ~ (<T V M V„ + E) , (24) 

where the covariant derivative V = V'^+u; contains the Riemann connection and 
a gauge part. The zeroth-order part reads E = b — g^ v (d^ui v + uj v uj^ — w a V a v J , 
where Y a v is the Christoffel symbol of the metric g^ u . One also introduces the 
field strength tensor Q^ = d^ujy — 8 v uj^ + [uj^uiv]. 
In n = 4 the relevant heat kernel coefficient reads 

a 4 (P) = 7-^p y^ / d 4 x v^Mtr (QE 2 + n^g^g™ + [R 2 - terms]) . (25) 

The terms quadratic in the Riemann curvature tensor are not written explicitly. 
The model was initially formulated in flat Euclidean space, so that there are no 
distinctions between upper and lower indices. Whenever we need to contract a 
pair of indices with the effective metric g^ u , the metric is written explicitly. 

Let us restrict ourselves to the terms which are of zeroth and second order in 
9. From eg. ([22]) one can read off the metric g^ v 



<T = ^ + l -98 (A"6 V + A v 6») , g, u = 6, u - % -98 (A^9 U + A u 9^) , (26) 
the Christoffel symbol 

T^ = '-5^98 [9„F KV + 9 v F Ra - 9 K (8 a A u + 8 u A a )\ , 



and a 11 and 5, 

a»= l - [7., lu] edF Kv e» + Udd„A v 9» + A U 90A U 9» - 1iA» 
o z 

6 = I [7m, lA 90A I1 90A U - ~ [ 7m , 7 „] F^ - id A - A 2 . 

From these expressions we calculate the gauge connection 

1 



OJ,, 



-g» v {a v + g™T\ 



iA, - - (90) A, (9 A) + - (90) 9 K F, K + - [ 7 K , 7 CT ] 90F Ka 9 il , 



2 

\ (90) A, (9 A) + I (90) 9*F, K + i 

and the trace of E 2 and Q 2 follow 

?2 



tiE 2 = 2F IU ,F I1V + 2iF lw (9 A) (90) F^ , F^ = F^ + i (90) A^ (90) A, 
tvg^g^n^n^ = -AF^Fp, + UF^ (90) F^ (9 A) . 



The Riemann tensor for the metric (1261) is at least of the second order in 9. 
Therefore, the curvature square terms are at least of the fourth order in 9 and 
must be neglected. 

Finally, we are able to compute a 4 , 

a 4 ($) = ——2 o / d A xF^F^ v , 

which is in agreement with ( 12~T1) . 

The two methods we used above to calculate the heat kernel coefficient a 4 
differ in the way we treated derivatives contained in the star product. In the 
second method these derivatives modify the first and the second order parts of 
the corresponding differential operator, and, therefore, the effective metric and 
the effective connections are changed. According to the first method, the star- 
product as a whole is considered as a multiplication, i.e., as a zeroth order op- 
erator. This ensures regularity of the heat kernel expansion [28,29] for small 6. 
For more general NC Laplacians (containing both right and left star multiplica- 
tions) this regularity is lost [30,31]. However, let us consider the heat operator 
h(t) = e~'( Po+P2 ) where Pq does not depend on 9, while P2 is at least bilinear 
in the (fermionic) parameter. Obviously, h(t) can be expanded in series in P 2 , 
and convergence is not an issue, since the expansion terminates. These simple 
arguments show that in a more general case the second method will probably 
work, while the first one will probably not. 

By collecting together ( fTBl ). ( fill and (ED), we see that the divergent part of the 
effective action is proportional to F 2 V and may be cancelled by a renormalization 
of the coupling g in the classical action (fTOl) . Therefore, the model ( fTOl ) with 
quantized spinor and background vector fields is renormalizable. 



4 Conclusions 

In this paper we have studied the renormalization properties of NC theories in 
four dimensions with a bifermionic NC parameter. We have found a scalar model 
which is renormalizable at all orders of the loop expansion, thus adding a new 
example to a (not very rich) family of renormalizable non-supersymmetric NC 
theories in four dimensions. We have also found that this model has an infrared 
stable fixed point at the one-loop level. 

We also took another model, the NC QED, which is one-loop renormalizable 
with the usual NC parameter, and checked that the introduction of a bifermionic 
NC parameter does not destroy the one-loop renormalizability at least in the 
sector with external photon legs. We conclude that bifermionic noncommutativity 
is renormalization-friendly. Thus it seems to be a rather promising version of 
noncommutativity, worth being taken seriously, and prompting further studies. 
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